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The Elko field of Ahluwalia and Grumiller is a quantum field for massive spin- 
1/2 particles. It has been suggested as a candidate for dark matter. We discuss 
our attempts to interpret the Elko field as a quantum field in the sense of 
Weinberg. Our work suggests that one should investigate quantum fields based 
on representations of the full Poincarc group which belong to one of the non- 
standard Wigner classes. 
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1. Introduction 

In 2005 Ahluwalia and Grumiller introduced a new quantum field for mas- 
sive spin-1/2 particles, which they called the Elko field. They proposed 
the Elko field as a candidate for dark matter. It is natural to ask how the 
Elko field fits into Weinberg's formulation of quantum field theory (Ref. 3, 
Ch. 5). In this note we report on our recent investigations into this question. 
Forthcoming work^ of Ahluwalia, Lee and Schritt also deals with aspects 
of this and related questions. 

We begin by recalling the Elko field and its properties (Sec. 2). In Sec. 3 
and Sec. 4 we briefly describe Weinberg's construction of quantum fields 
and compare the Elko field with the Dirac field. In the final section. Sec. 5, 
we discuss directions for future research. 
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2. Review of Elko Fields 

Wc start with some notation. Wc denote the strict Lorentz and Poincare 
groups by £o and Vq respectively, and the full Lorentz and Poincare groups 
— which include space inversion P and time reversal T — by £ and V 
respectively. Wc represent elements of Cq by the symbol A, and elements 
of Vq by pairs (A, a), where a is a space-time translation. 
The Elko field*^ is given by 



%(ar)= j d3p^[e-^f--^A,S(p,/3)cMp) + e+*f''-''Af(p,/3)4(p) 



(1) 



where the index i ranges from 1 to 4, C/3(p) is the annihilation operator 
for a certain species of particle and is the creation operator for the 

corresponding antiparticle. The index (3 takes two values ±. The rest spinors 
are given up to proportionality by 
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and one obtains the spinors at nonzero momentum by multiplying the rest 
spinors by standard Lorentz boost matrices (Ref. 1, Sec. 3.3). 
Recall the usual Dirac field ^: 
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where the rest spinors are given up to proportionality by 
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The Dirac rest spinors are eigenspinors of the helicity operator. The starting 
point for the Elko construction is to choose rest spinors as in Eq. (2) which 
are eigenspinors of the charge conjugation operator. These eigenspinors are 



''We have absorbed a p-dependent factor in the integrand into the definition of the spinors 
A(p,/3), and wc liavc done tlic same for the Dirac field below. 

''See, e.g., Rcf. 3, Eq. (5.5.34). Wc have changed the signs of the exponential factors to 
be consistent with Eq. (1): this amounts simply to adopting a different convention in the 
definition of how the translation operator acts on physical states. 
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not cigcnspinors of the hclicity operator: the top two and bottom two com- 
ponents have opposite hehcities. For this reason Ahluwaha and GrumiUer 
call /3 a dual helicity index. 

Having defined the Elko field, Ahluwalia and Grumiller introduce a dual 
— which differs from the usual Dirac dual on the space of spinors. They 
calculate the spin sums, the equation of motion and the propagator. The 
propagator turns out to be the Klein-Gordan propagator and the mass di- 
mension of the Elko field is 1 (as opposed to the value 3/2 for the Dirac 
field). This implies that the Elko field cannot interact with the electromag- 
netic field and that interactions — ignoring gravity — with all standard 
model particles, except possibly the Higgs boson, are prohibited or sup- 
pressed. Hence the Elko field is a plausible candidate for a dark matter 
field.= 

3. Weinberg's Definition of a Quantum Field 

In his book Ref. 3, Weinberg provides a broad and coherent framework 
for introductory field theory based on a few basic symmetry principles. We 
briefiy sketch an outline of his arguments and recall the relevant definitions. 
See Ref. 3, Ch. 5, for more details. 

The ingredients we need are the following. We consider massive parti- 
cles with positive energy, mass m and spin s. The little group S0(3) is a 
subgroup of £o- Let i?(A) = Rcv{A) be the 2s -|- 1-dimensional irreducible 
representation of SO (3) corresponding to spin s. We construct a state space 
H as in Ref. 3, Ch. 2: the space of one-particle states is spanned by basis 
kets of the form \p,ct), having 4- momentum p and spin-2 component a in 
the rest frame. Using the matrices Rcr^{A), we can construct an irreducible 
unitary representation U{A,a) of Vo on H. Now let D{A) = Dij{A) be a 
f-dimcnsional representation of £o for some t G N. Let L(H) denote the 
space of linear operators from H to H. We define a Weinberg quantum field 
based on the data {H,R{A),U{A,a),D{A)) to be a collection of functions 
\I/(a;) = (*i(a;))i<j<t from to L{H) such that for all (A, a) e Vo, we 
have 

U{A,a)^i{x)U{A,a)-^ = ^ Ai(A-i)*,(Ax + a). (5) 

j 



'^Thc usual formalism of quantum field theory requires the fields to be local. The original 
version of the Elko field in Ref. 1 is not local. Recently Ahluwalia, Lee, Schritt and 
Watson discovered a slightly different field which does satisfy locality.* For simplicity 
we restrict ourselves to the original field in this note. 
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Wc say that a Weinberg quantum field — or more generally a collection 
of Weinberg quantum fields — is local if for any "if and $ in the collec- 
tion, for any indices i and j and for any x,y G such that x — y is 
spacelike, the field components ^'i(x) and ^j{y) commute (for bosons) or 
anti-commutc (for fcrmions). Roughly speaking. Eq. (5) ensures that one 
can construct a Hamiltonian density 7i{x) from these fields which is a scalar 
under Poincare transformations, and the extra requirement of locality en- 
sures that the S-matrix obtained from ?i(a;) transforms covariantly under 
Poincare transformations. 

It follows from quite general arguments that a Weinberg quantum field 
must be of the form*^ 

^i{x) = fd^pJ2 [e-'^''^''«i(p,a)c<.(p) + e+'f''-%,(p,c7)4(p)] . (6) 

Equation (5) implies that the spinors u(p, <j) and w(p, a) for arbitrary p 
are completely determined by the rest spinors m(0,i7) and w(0,cr), and in 
many important cases, the values of u(0, a) and v{0, a) are also completely 
determined by Eq. (5) and the extra requirement of locality. 

One advantage of Weinberg's approach is that physical insight falls out 
from the mathematical formalism; for instance, the Dirac equation — and 
the form of the Dirac field itself — can be derived from Eq. (5) and the 
requirement of locality (cf. Sec. 4), so wc may view them simply as conse- 
quences of covariance under the Poincare group. Similarly one can deduce 
the existence of anti-particles purely from the mathematical restrictions 
imposed by locality and Eq. (5) (see Ref. 3, Sec. 5.1). 



4. The Dirac and Elko Fields in Weinberg's Formalism 

Throughout this section, we fix D{K) — Dij{K) to be the usual (1/2,0) ffi 
(0, 1/2) representation of Cq. We wish to interpret the Elko field as a Wein- 
berg quantum field ^'(a;). To do this, we must identify /3 with the index <j 
in the construction of H above, for some suitable choice of H, R{A) and 
U{A,a). Consider the state space H and U{A,a) constructed as above for 
s = 1/2, where i?<Ti/(A) is chosen to be the usual spin-1/2 representation of 
S0(3); the index a takes the values ±1/2. Using Eq. (5) and the assumption 
of locality, one obtains formulas for the rest spinors which involve constants 



''Note that for each fixed x, i, p and a, all of the quantities that appear inside the 
integral in Eq. (6) except for Ca{p) and ^^(p) arc c-nuinbcrs. Hence to evaluate the LHS 
of Eq. (5), one need only calculate U {A, a)ca{p)U{A, a)~^ and U{A,a)dt(p)U(A,a)~^. 
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c± , d±. An argument involving parity conservation allows us to pin down 
the values of c± and d± up to an overall normalization (we return to this 
point in Sec. 5 below). We find that the rest spinors m(0, a) and v{0, a) are 
precisely the Dirac rest spinors given in Eq. (4) above, and ^'(x) is the Dirac 
field (Ref. 3, Sec. 5.5). Hence the Dirac field is the only Weinberg quan- 
tum field based on the data {H, i?(A), U{A, a), D{Aj). This shows that the 
Elko field cannot be a Weinberg quantum field based on this data. Indeed, 
Ahluwalia, Lee and Schritt have recently noted that the transformation 
properties of Elko spinors under rotations differ from the transformation 
rules that must be satisfied for a Weinberg spinor; the authors are grateful 
to them for communicating this observation to us. 

We could instead have chosen the representation of SO (3) to be not 
the standard one i?(A) but another representation i?'(A) isomorphic to 
it. Then R{A) and R'{A) are related by a similarity transform: we have 
i?'(A) = SR{A)S^^ for some invertible linear transformation S. This 
change has no physical or mathematical significance, but it makes the re- 
sulting Weinberg quantum field look different. One can show by adapting 
the argument on pp220-l of Ref. 3 that the rest spinors of a Weinberg 
quantum field based on {H, R' {A),U{A. a.), D{A)) cannot take the form of 
the Elko rest spinors in Eq. (2), even if one does not assume parity con- 
servation. Hence the Elko field cannot be a Weinberg quantum field based 
on {H, R'{A), U{A, a), D{A)). We will give full details of this calculation in 
forthcoming work. 

5. Non-standard Wigner Classes 

As we have seen, the most direct attempt to fit the Elko field into Weinberg's 
formalism fails. The next logical step, motivated by the discussion on p4, 
para. 1 of Ref. 1, is to consider Weinberg fields based on a state space H and 
an irreducible representation of the full Poincare group V onH that belongs 
to one of the non-standard Wigner classes.^ Fix -R(A) and let H be as in 
Sec. 3, with one-particle basis kets \p, a). The unitary representation U{A, a) 
of Vq extends to an (anti-)unitary representation U (A, a) of the whole of 
■P; we abuse notation and denote this representation by U{A,a) also. The 
operators U{P) and t/(T) are unitary and anti-unitary respectively, and 
they act on the kets |p, cr) by C/(P)|p, cr) — TypjPp, fx) and [/(T)|p, cr) = 
ri-T{—lY^"\Pp,—a) for some constants rjp and r/j (Ref. 3, Sec. 2.6). The 
representation U (A, a) is said to belong to the standard Wigner class. 

There are also three so-called non-standard Wigner classes of represen- 
tations U{A, a) of V. Here the states of given 4- momentum p and spin- 2; 
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component cr become degenerate; the basis kets are labelled \p, cr, t), where 
r is an extra index that breaks the degeneracy. Time reversal U{J) cou- 
ples states with different values of r. The Weinberg quantum fields in these 
degenerate cases are not worked out in detail in Ref. 3 and we believe 
they are worth further study. Even if we cannot give an interpretation of 
the Elko field in this setting, perhaps there are other as yet unexplored 
Weinberg quantum fields that may be candidates for dark matter. Note 
that although the definition of a Weinberg ficild seems only to involve co- 
variance under restricted Poincare transformations, P and T play a crucial 
part (cf. the final step in the derivation of the Dirac field in Sec. 4). 

We finish with some remarks on work of Lee and Wick which is relevant 
here. According to Ref. 6, if a field is local then the underlying represen- 
tation of V must come from the standard Wigner class. There, however, 
they allow themselves the freedom to multiply the original U{P) and U(T) 
by symmetries of the internal state space. For the non-standard Wigner 
classes, where there are extra degrees of freedom coming from the index 
T, one would expect there to be plenty of these internal symmetries above 
and beyond charge conjugation. A full study of the possible Weinberg fields 
would involve a systematic investigation of these internal symmetries. 
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